In this paper we discuss behaviors of entanglement entropy between two interacting CFTs and its holographic interpretation using the AdS/CFT correspondence. We explicitly perform analytical calculations of entanglement entropy between two free scalar field theories which are interacting with each other in both static and time-dependent ways. We also conjecture a holographic calculation of entanglement entropy between two interacting N = 4 super YangMills theories by introducing a minimal surface in the S 5 direction, instead of the AdS 5 direction.
Introduction
Quantum entanglement offers us a useful tool to study global properties of quantum field theories (QFTs). In particular, one of the most important quantities for this purpose is the entanglement entropy S A which measures the amount of quantum entanglement between a subsystem A and its complement B.
Indeed this quantity captures basic structures of any given QFT. For example, this quantity follows the area law [1, 2, 3, 4] if we consider a local quantum field theory with a UV fixed point, while non-local field theories [5] or QFTs with fermi surfaces [6] at UV cut off scale can violate the area law. Moreover, the coefficients of logarithmically divergent terms of S A in even dimensional conformal field theories (CFTs) are proportional to central charges [7, 8, 9, 10, 11] . Thus S A can detect degrees of freedom of CFTs. It is also useful to note that the entanglement entropy can quantify topological properties in gapped systems [12] .
In most of literature, the entanglement entropy is geometrically defined by separating the spatial manifold into the subsystem A and B. Instead, the main purpose of this paper is to analyze entanglement entropy between two CFTs (called CFT 1 and CFT 2 ) which live in a common spacetime and interacting with each other, described by the action of the form:
Since the total Hilbert space is decomposed as the direct product:
we can define the entanglement entropy between CFT 1 and CFT 2 by tracing out the total density matrix ρ tot over either of them:
Note that we can exchange CFT 1 with CFT 2 in the above definition as long as the total system is pure. It is also obvious that if there are no interactions between them, S ent gets vanishing. Thus this entanglement entropy may offer us a universal measure of strength of interactions.
Such a problem was already analyzed in [13, 14, 15, 16] mainly from condensed matter viewpoints. In [13, 16] and [15] , the entanglement entropy between two coupled Tomonaga-Luttinger liquids and Heisenberg antiferromagnets was computed, respectively. In [14] , the behavior of entanglement entropy between two CFTs in the presence of interacting perturbations was studied.
In our paper, we will present analytical results by focusing on a solvable relativistic example: two copies of a massless free scalar field theory which are defined in any dimension and are interacting with each other at any order of relativistic interactions. We will present two different but equivalent methods of calculations: (i) a real time formalism based on wave functionals and (ii) an Euclidean replica formalism using boundary states. Owing to these methods, we will furthermore study time evolutions of entanglement entropy when we turn on interactions instantaneously at a time.
In the light of AdS/CFT correspondence [17] , the geometries of gravitational spacetimes can be encoded in the quantum entanglement of dual CFTs as is expected from the holographic calculation of entanglement entropy [9, 18] . Therefore the AdS/CFT correspondence relates the global structures of gravitational spacetimes to those of CFTs in an interesting way (see e.g. [19, 20, 21, 22, 23, 24, 25, 26] ). This consideration raises one interesting question. In string theory examples of AdS/CFT, a gravity dual usually includes an internal compact space in addition to the AdS spacetime, as is typical in the AdS 5 × S 5 type IIB string background dual to the four dimensional N = 4 super Yang-Mills. Therefore one may wonder how quantum entanglement in CFTs can probe internal spaces such as S 5 . As we will discuss in the final part of this paper, this question is closely related to the entanglement entropy between two interacting CFTs (1.3).
This should be distinguished from a system of two entangling CFTs without interactions, where its gravity dual is given by an AdS black hole geometry [27] .
This paper is organized as follows: In section two we will give an explicit and analytical calculation of entanglement entropy between two massless scalar fields in the real time formalism based on wave functionals. In section three, we will provide an alternative calculation based on Euclidean replica formalism using boundary states and analyze time evolutions of entanglement entropy. In section four, we will discuss its holographic counterpart and conjecture a generalization of holographic entanglement entropy. In section five, we summarize our results and discuss future problems.
Entanglement between Two Interacting CFTs
In this section we introduce our relativistic scalar field models of two interacting CFTs and perform analytical computations of (both von-Neumann and Renyi) entanglement entropy in these setups based on the direct real time formalism in terms of the wave functionals. Refer to the paper [14] for an earlier interesting analysis of related problems for Renyi entropy using a perturbation theory and scaling argument. Refer also to [13, 16] for a field theoretic analysis of Tomonaga-Luttinger liquids. Here we will give explicit non-perturbative results in a solvable relativistic QFT with several choices of interactions, which also allows us to calculate of its time evolutions.
Our Models
We consider two models of two interacting QFTs. The first model is the massless interaction model whose action is given by,
Interestingly, the equation of motion is ∂ 2 φ = ∂ 2 ψ = 0 which does not depend on λ. However, the
Hamiltonian and the conjugate momenta depends on λ and the nonzero λ causes entanglement in the ground state. We diagonalize the action by the orthogonal transformation,
where
and
From (2.2) we obtain the Hamiltonian,
where π φ ′ and π ψ ′ are the conjugate momenta of φ ′ and ψ ′ . From (2.3) and (2.5) we see that the positivity of the Hamiltonian restricts the range of λ as
The second model is the massive interaction model whose action is given by,
where A, B and C are real constants whose dimensions are (mass) 2 . We diagonalize the action by the orthogonal transformation,
Note that the three parameters (A, B, C) in (2.7) are equivalently expressed in terms of (θ, m 1 , m 2 ) in (2.8). For the stability of our model, we requires m 1 ≥ 0 and m 2 ≥ 0. The parameter θ expresses the strength of interaction except when m 1 = m 2 .
We will trace out φ and consider the entanglement entropy of ψ in the following two cases.
First, we consider the entanglement entropy of the ground state for the total Hamiltonian. Next, we consider the time evolution of the entanglement entropy generated by the total Hamiltonian.
We choose the initial state to be the ground state for the free Hamiltonian which is the Hamiltonian of free massless fields, i.e. we prepare the ground state for the free Hamiltonian and switch on the interaction at t = 0.
Entanglement entropy for the gaussian wave function
Because the Hamiltonians of our models are quadratic, the wave functions of the ground states and of time-evolving states whose initial states are the ground states for the free Hamiltonian are gaussian wave functions. In this section we consider generally the entanglement entropy for the gaussian wave function. We can calculate the entanglement entropy by the similar method to [28] , where geometric entropy for the ground state of a free scalar field which is a real valued gaussian wave function was considered.
We consider the following gaussian wave function,
where N is a normalization constant and G i (x, y) (i = 1, 2, 3) are the complex valued functions
We trace out φ and obtain the density matrix of ψ as 11) where N ′ is a normalization constant and
In (2.12) we have considered G i as symmetric matrices with continuous indices x, y and the products are the products of matrices. From the normalization condition we obtain 
From (2.13) and (2.14) we obtain
We rewrite M n as
We diagonalize Z and denote the eigenvalues of Z as z i . And we can diagonalizeM n by Fourier transformation and obtain 20) where ξ i is defined as
From (2.21) we obtain the solution ξ as 
Finally we obtain the Renyi entropies S (n) ψ = (1 − n) −1 ln Trρ n ψ and the entanglement entropy S ψ = −Trρ ψ ln ρ ψ = − ∂ ∂n ln Trρ n ψ | n=1 as follows:
Because the entanglement entropy is a complicated function of G i , we will expand it. For later convenience, we expand s (n) (ξ) and s(ξ) as functions of z. For z ≪ 1, we obtain
Massless Interactions
We apply the above formalism to the massless interaction case (2.1).
Ground states
First we compute the ground state wave function. From (2.5) we obtain the ground state wave function as (see e.g. the equation (7) in [1] ) 28) where N is a normalization constant and
Here w = |k| and V is the volume of the space and we impose the periodic boundary condition.
Note that |φ ′ , ψ ′ = |φ, ψ because {φ, ψ} is the orthonormal transformation of {φ ′ , ψ ′ }. Thus we rewrite the ground state wave function by {φ, ψ} and obtain and the entanglement entropy S 1 from (2.24) and (2.25) as
31)
33)
In this case each mode contributes identically the entropies. The contribution to the entropy from the zero mode is zero. The mode sum is UV divergent and we regularize it by the smooth momentum cutoff. The profile of s 1 (λ) is plotted in Fig.1 . It gets divergent at λ = ±2 where the interaction becomes maximal. In this way, it is obvious that the entanglement entropy between two scalar field theories has the volume law divergence and its coefficient is a monotonically increasing function of the coupling constant |λ|.
When the volume of the space is finite, there is a UV finite term in entropy densities. For the periodic boundary condition in d = 2 (the space is S 1 whose circumference is L) we obtain 36) where ǫ is the UV cutoff length. From (2.31) and (2.36) we obtain for d = 2
We can pick up the UV finite term by differentiating the entropy density (we take ǫ to zero)
This UV finite entropy is analogous to the Casimir energy and is universal. When the space is a
41) 
43)
From (2.27) and (2.35), we obtain for 2 − |λ| ≪ 1,
45)
Time evolution
In order to obtain the wave function at t, let us recall the propagator of one harmonic oscillator.
The Hamiltonian is given by,
where a and b are real positive constants and [q, p] = i. We obtain the propagator as
Next we consider the following Hamiltonian in quantum field theory,
where A and B are real positive constants and [φ(x), π(y)] = iδ d−1 (x − y). As a generalization of the propagator in one harmonic oscillator, we obtain the propagator as 50) where N (t) is a normalization constant and
here w = √ k 2 + m 2 and V is the volume of the space and we impose the periodic boundary condition.
We use the above propagator to compute the wave function at t in the massless coupling case (2.1). From the Hamiltonian (2.5) and (2.50), we obtain
here w = |k|. Note that |φ ′ , ψ ′ = |φ, ψ because {φ, ψ} is the orthonormal transformation of {φ ′ , ψ ′ }. We rewrite the propagator in terms of {φ, ψ} and obtain
(2.54)
When the initial state is |0 which is the ground state for λ = 0, the wave function is given by,
We perform the gauss integral and obtain the wave function at t as
We can obtain the Renyi entropies S (n) 2 (t) and the entanglement entropy S 2 (t) for φ 1 , ψ 1 |e −iHt |0 from (2.24) and (2.25) as
For |λ| ≪ 1, we obtain
Thus we find
More detailed time-dependent behavior including a physical interpretation will be studied in the next section.
Massive Interactions

Ground states
From (2.8) we obtain the ground state wave function as (see e.g. the equation (7) in [1] )
where N is a normalization constant,
and V is the volume of the space and we impose the periodic boundary condition. Note that again we have |φ ′ , ψ ′ = |φ, ψ , since {φ, ψ} is the orthonormal transformation of {φ ′ , ψ ′ }. Thus we rewrite the ground state wave function in terms {φ, ψ} and obtain
We can obtain the Renyi entropies S (n) 3 and the entanglement entropy S 3 for the ground state from (2.24) and (2.25) as
where we have taken
When m 1 = m 2 , z(k) = 0 and S 3 = 0. This is because φ and ψ do not mix with each other when
From (2.76), (2.77) and (2.79), S 3 has UV divergence for d ≥ 5 and we obtain the leading UV divergent term Let us compute S 3 for d ≤ 4 and for |θ| ≪ 1. In this case we obtain
Thus we obtain
We can perform the k integral explicitly for d = 3 which leads to
(2.84)
Entanglement Entropy Calculations using Boundary States
In this section, we present another useful method for the calculation of entanglement entropy between two CFTs. This is based on the Euclidean replica method and the folding method as we will explain later. We will study the massless interaction model (2.1) and massive interaction model (2.7) in d = 2 dimensions, introduced in the previous section. Refer to [13] for a similar replica method calculations at finite temperature for Tomonaga-Luttinger liquids.
Since we are going to use an operator representation based on mode expansions for practical calculations, let us start with our field theory convention. Let us focus on the field theory defined by the massless interaction model (2.1) in two dimensional spacetime, whose coordinate is denoted by (t, x). We compactify the space coordinate x on a circle so that it has the periodicity x ∼ x+ 2π.
It is straightforward to change the radius of this circle in the analysis below.
In the Hamiltonian description, we define the momentum operators
This leads to the Hamiltonian
where we changed the overall factor of the Hamiltonian compared with (2.1) so that the expression of quantized fields looks simpler (this corresponds to α ′ = 2 convention in the string world-sheet theory).
Therefore we can express
We can quantize the free theory described by the Hamiltonian H 0 as usual. The mode expansions of scalar fields look like
where the oscillators α n and β n satisfy the commutation relations:
We omitted the zero modes n = 0 since they do not contribute in our calculations as we will mention later.
When we study the time evolution of the full Hamiltonian H = H 0 + H int , then we can use the interaction picture:
where we defined
Here P is the path-ordering such that the late time operator is placed in the left.
In this interaction picture we can regard π φ and π ψ in H int asφ(s, x) andψ(s, x) defined by the free field ones (3.5). Thus, the interaction (3.4) is written as follows (up to a certain numerical constant)
where we only make explicit the leading term in the weak coupling limit λ → 0.
Replica Calculation
We would like to employ the replica method to calculate the entanglement (n-th Renyi) entropy between the two scalar field theories φ and ψ: S (n) ent = 1 1−n log Tr(ρ ψ ) n , where ρ ψ = Tr φ ρ tot is the reduced density matrix defined by tracing out the Hilbert space for the field φ. The entanglement entropy is obtained by taking the limit n → 1. The replica method calculation for quantum field theories when we geometrically define the subsystem is well-known (see e.g. [8] ) and we consider a straightforward modification of this in our case.
In the path integral description, we take the Euclidean time to be −∞ < τ < ∞ and the one dimensional space to be 0 ≤ x ≤ 2π. The ground state wave functional Ψ 0 [φ, ψ] at τ = 0 is given by path-integrating the scalar fields from τ = −∞ to τ = 0. The total density matrix is given by
(3.10)
The reduced density matrix is obtained by path-integrating over the field φ:
The replica calculation for the trace Tr(ρ ψ ) n . We depicted the picture assuming n = 3.
To calculate Tr(ρ ψ ) n , let us consider n copies of scalar fields (replicas):
Then the trace Tr(ρ ψ ) n is given the partition function of this system with 2n scalar fields with the following boundary condition at τ = 0:
where δ > 0 takes an infinitesimally small value (see Fig.2 ). If we want to generalize the above replica formulation to more general cases of excited states, we just need to replace the ground state wave functional Ψ 0 with that for an excited state.
One way to deal with this boundary condition is to use the folding trick (see e.g. [29] ). We regard the fields (φ i (τ, x), ψ i (τ, x)) for τ > 0 as another fields (φ i (−τ, x),ψ i (−τ, x)) as in Fig.2 . We can define the mode expansions for these fields in a similar waŷ
We also define their interacting and non-interacting Hamiltonian to beĤ(≡Ĥ 0 +Ĥ int ) andĤ 0 , respectively. They are simply given by putting the hat: a →â for all oscillators in H and H 0 .
In the presence of such doubled degrees of freedom, we can equivalently compute Tr(ρ ψ ) n as a partition function on the half space defined by −∞ < τ ≤ 0 and 0 ≤ x ≤ 2π, which is a particular example of the so called folding procedure. Then we can rewrite (3.13) into (by taking δ → 0 limit):
In the quantized theory, we can describe such boundary conditions in terms of boundary states |B (n) (see e.g. [30, 31] for reviews), which are defined by
This is solved in terms of oscillators as follows:
where the vacuum |0 (n) for the n-replicated theory is defined by requiring that it is annihilated by any oscillator with a positive mode number as usual. The above conditions are equivalent to (α
The coefficient N (n) in (3.17) represents the normalization of the boundary state. We can determine N (n) from the open-closed duality of the cylinder amplitudes [32, 30, 31] . However, it is clear that the calculation is just the n-th power that of the standard two free scalars without any replicas. Therefore we can conclude 19) where N (= N (1) ) is the standard normalization constant for free two scalar field theories. Having defined the boundary state at τ = 0 or equally t = 0, we will study the evolution under the Lorentzian time t below. Now, consider a pure state |Φ (= |Φ (1) ), which is a general excited state. We can define a corresponding excited state |Φ (n) in the n replicated theory. Then the Renyi entanglement entropy between φ and ψ for the reduced density matrix ρ ψ = Tr φ |Φ Φ|, can be computed as
In the previous calculations, we neglected the zero modes of the fields φ and ψ. Indeed, we can easily confirm that there is no contribution from zero modes as the contributions cancel completely in the ratio Φ (n) |B (n) / Φ (1) |B (1) n .
If we consider the time evolution under the free Hamiltonian H 0 , it will be described by the unitary operator e −i(H 0 −Ĥ 0 )t . This is because the time flows in the opposite direction forφ andψ as we folded the time direction. Therefore time evolutions under the free Hamiltonian is trivial as follows 
Notice that any state |Φ (n) should have the replica symmetry which exchanges (φ i , ψ i ) with (φ j , ψ j ).
Moreover, at t = 0, |Φ (n) should have an inversion symmetry which exchanges (α n ,α n , β n ,β n ) with (α n ,α n ,β n ,β n ), where the chirality is also exchanged owing to the boundary condition (3.16).
We find
Thus we simply get
This is naturally understood as in [33] because the state we are looking at is 25) in the original (unreplicated) theory and this is an maximally entangled state (EPR state).
Time-dependent Formulation
In order to get a non-trivial time-dependence we need to add the interaction between φ and ψ. We would like to study the case where the interaction is given by (3.9). For this purpose let us study the following state
Note that |0 (n) is the vacuum for the free Hamiltonian H 0 −Ĥ 0 , while the time evolution by H −Ĥ is non-trivial.
Below we would like to compute the Renyi entanglement entropy up to O(λ 2 ) in the weak coupling expansions. Let us work with the interaction picture. In our replicated model with the folding, the interaction Hamiltonian looks like
It is easy to see that there is no O(λ) contributions to S (n) ent and the leading non-trivial order is O(λ 2 ). Therefore we obtain the following behavior
The Renyi entropy can be estimated as
Moreover, we can confirm that O(λ 2 ) contributions only come from the square of the above
Thus the coefficient g n is the sum of three contributions: (H int ) 2 , (Ĥ int ) 2 and H int ·Ĥ int . It is easy to see that the former two contributions behave G n ∝ n for any positive integer n. Thus these do not contribute to the Renyi entropy (3.29) . Thus the only possibility is that from H int ·Ĥ int , whose contribution to G n is denoted by g n . This is calculated as follows
Then it is easy to see that g n is vanishing except for n = 1. In our perturbation theory, we find
Note that this perturbation theory is valid except for the entanglement entropy limit n → 1. This is because in general we expect a term in S (n) ent which is proportional to λ 2n originally corresponding to the higher order term and this becomes O(λ 2 ) in the n → 1 limit.
Explicit Evaluations for Massless Interaction
Now we can explicitly evaluate g 1 from (3.31) as follows
Note that this expression indeed agrees with our previous result (2.67) obtained from the real time formulation. Since this is clearly UV divergent, let us introduce a UV regular ǫ simply by adding the weight e −mǫ in the sum (3.33) . This effectively removes the interactions for high energy modes m > 1/ǫ. In a realistic experiment, indeed we cannot turn on the interaction for such a high energy mode.
This regularization leads to 34) which is plotted in Fig.3 . At early time it increase like g 1 ∝ t 2 and at t = π/2, it reaches the maximum value g 1 (π/2) = e ǫ 2(e 2ǫ −1)
. It has the periodicity g 1 (t + π) = g 1 (t) and this is peculiar to the free field theories on a circle. If we want to recover the result in terms of momenta and the general periodicity L of the compact direction, we just need to replace m with (L/2π) dk and mt with kt.
When ǫ is infinitesimally small, we find that the system almost instantaneously reaches the maximal entanglement entropy within the time of order ǫ. The maximum value behaves like
Note that this instantaneous increasing of the entanglement entropy occurs because the interaction introduces the entanglement between the two scalar field theories homogeneously at the same time. This is in contrast with evolutions of entanglement entropy under quantum quenches [34] or local operator excitations [33] , where the causal propagation of entangled pairs play an important role.
It is also useful to analyze the evolution in the Euclidean time τ evolution instead of the real time t. This is realized by replacing the time integral of interactions as follows ent as a function of t in the case of massless interaction. We chose ǫ = 0.1.
This leads to the evaluation
Assuming ǫ is infinitesimally small, we find
The ground state for H = H 0 + H int corresponds to the limit τ = ∞, which reads
16 . This agrees with the previous result (2.37) and (2.43) based on the real time formalism.
Results for Massive Interaction
In the case where the interaction is massive, we consider the following interaction
with the same H 0 as before. In this case we will not have any UV divergence and have a smooth time dependence even without the UV cut off as we will see. We can proceed the calculations of Renyi entanglement entropy up to the quadratic order of the interaction (3.38) using our boundary state (3.17) in a way very similar to (3.31). We find that terms proportional to A 2 and B 2 only lead to results which behave G n ∝ n and thus they do not contribute the Renyi entropy as explained in (3.29) . The term proportional to C 2 becomes non-zero only for n = 1 and thus contribute to the Renyi entropy. In the end we obtain the following result The Euclidean time evolution can also be obtained as follows
By taking τ → ∞ we get the result for the ground state S ent for the massive interaction is free from UV divergences is that the massive interactions can be negligible in the high energy region. This is consistent with our previous results using the real time formalism, where it was shown that the Renyi entropy for the ground state in the massive interaction model is finite in d ≤ 4 dimensions.
Note also that as opposed to the massless interaction case, S ent grows slowly in the massive interaction case. If we take the non-compact limit L → ∞ of the space direction (remember we set L = 2π in our calculations in this section), then we find the simple behavior S ent ∝ C 2 t 2 .
Generalized Holographic Entanglement Entropy
Finally we would like to discuss a holographic counterpart of entanglement between two interacting CFTs. One may naturally come up with a holographic model where two (conformal) gauge theories, such as two N = 4 super Yang-Mills theories, are interacting with each other via the interaction of the form
Here g is a coupling constant, while O 1 and O 2 are single trace operators in CFT 1 and CFT 2 , respectively. If we assume that each of two gauge theories (CFTs) has its gravity dual, then the interaction (4.1) can be regarded as a multi-trace deformation [35] and thus this can be taken into account as a deformation of boundary condition of supergravity fields in the bulk AdS [36] . In this case, it is obvious the entanglement entropy does not arise at the tree level but does at one loop order because the metric is modified only after we incorporate quantum corrections of supergravity.
When the interaction (4.1) is marginal or relevant, then this holographic model is expected to be similar to our massless interaction model or massive one defined in section 2, respectively.
Even though such one loop calculations of entanglement entropy are an interesting future problem, here we will view this problem for a massless interaction model from a slightly different angle so that entanglement entropy can be estimated classically by generalizing the minimal surface formula of holographic entanglement entropy [9] . We will argue that in such a case we need to take a minimal surface which divides the internal manifold (e.g. S 5 ) into two halves as opposed to the standard prescription [9] , where a minimal surface divides a time slice in AdS into two halves. This analysis should be distinguished from a system of two entangling CFTs without interactions, where its gravity dual is given by an AdS black hole geometry [27] . In our case, on the other hand, the two CFTs are interacting directly and thus they can communicate causally in their gravity dual.
We summarized a sketch of geometries of gravity duals for two entangling CFTs in Fig.5 , whose details will be explained later.
Multiple D3-branes in Supergravity
Let us consider N D3-branes which are parallel and are separated from each other generically. This corresponds to a Coulomb branch of the four dimensional U (N ) N = 4 super Yang-Mills theory.
We express its six transverse scalars by In this geometry for the massive interactions we need to further identify the two AdS boundaries.
These setups should be distinguished from the lower picture, where the two CFTs are entangled without any interactions, such as in the thermofield double construction dual to a AdS black hole.
horizon limit corresponds to this Coulomb branch [17, 37] is given by
where µ = 0, 1, 2, 3 and i = 1, 2, · · ·, 6. We defined
where y a ≡ 2πα ′ ϕ a are positions of each D3-brane.
If D3-branes are situated at a single point, this becomes the AdS 5 × S 5 geometry (we set |y| = r): 
SU(N/2) × SU(N/2) Solution and Entanglement
Now we can consider the case where N/2 D3-branes are placed at y = (−l, 0, 0, 0, 0, 0) and the other N/2 D3-branes are at y = (l, 0, 0, 0, 0, 0). In this case, the function H is given by
The dual gauge theory has the unbroken gauge group SU (N/2) × SU (N/2) and fields which are bi-fundamental with respect to each of the two SU (N/2) groups are massive with the mass
as can be easily understood by estimating the mass of open string. If we focus on the physics below this mass scale M and take the large N limit, we can reliably integrate out the bi-fundamental massive modes and can regard that the system is described by two SU (N/2) gauge theories (CFTs) interacting with each other. We call them CFT 1 and CFT 2 . In this setup, the strength of the interaction between them is parameterized by 1/M 2 , which estimates the propagator of massive modes which include the interactions. Motivated by this we would like to parameterize the strength of interactions between CFT 1 and CFT 2 by the dimensionless coupling:
where Λ is the UV cut off of this theory. In this way, this setup looks similar to the ones we discussed in the previous sections, though here we are considering strongly coupled gauge theories.
This should qualitatively correspond to the massless interaction model as the interaction exist at any energy scale, while in the massive interaction model it does only in the low energy E << Λ.
We would like to argue that the entanglement entropy S ent between these two CFTs are given by the holographic entanglement formula
by choosing γ to be the area of minimal surface which separates the two groups of N/2 D3-branes (see the upper left picture in Fig.5 ). From a symmetrical reason, it is clear that γ is given by the eight dimensional surface
The corresponding entanglement entropy (4.9) is computed as
where V 3 is the volume in the (x 1 , x 2 , x 3 ) direction; r U V is the cut off in the radial direction and is related to the UV cut off Λ in the CFT via the usual UV-IR relation [38] :
In order to justify our interpretation of the D3-brane system as two interacting CFTs, we need to require
In this case we can approximate (4.11) by
where λ = N g s is the 't Hooft coupling of the gauge theory and g is the effective coupling between the two CFTs defined in (4.8). It is clear from this expression that the entanglement entropy vanishes if g = 0 as expected from the gauge theory. If we interpolate our result to the boarder region r U V ∼ l, where our argument can qualitatively be applied, we find the behavior S ent ∼ N 2 V 3 λΛ 3 . In this way, our holographic analysis reproduced the volume law which we found in the scalar field theory calculations for the massless interaction (2.38). We can obtain a similar volume law result by looking at the D3-brane shell solution [37] . This corresponds to the setup where D3-branes is distributed at r = l in an SO(6) invariant way. The corresponding supergravity solution is given by
Then S ent is computed in the same way by choosing γ to be (4.10) and we find the same result (4.14). In the dual gauge theory, S ent corresponds to the entanglement entropy between the gauge theory defined by N/2 D3-branes on the northern hemisphere and the other one defined by N/2 D3-branes on the southern hemisphere as in Fig.6 .
A Proposal for Generalized Holographic Entanglement Entropy
The previous holographic consideration leads us to a generalized formulation of holographic entanglement entropy. In general, in a AdS d+1 /CFT d setup with the classical gravity approximation, the gravity dual is described by a spacetime of the form M q+d+1 =Y AdS d+1 × X q , where Y AdS d+1 denotes a d + 1 dimensional asymptotically AdS spacetime, while X q does a q dimensional internal space.
If we approach the AdS boundary, the total boundary geometry looks like R d × X q (≡N q+d = ∂M q+d+1 ), where note that the boundary of Y AdS d+1 is given by R 1,d−1 assuming the Poincare coordinate. We define the time coordinate of R 1,d−1 to be t. Then we introduce a region A and B so that their boundary ∂A(= ∂B) divides R 1,d−1 × X q exclusively into A and B at a time t = t 0 . In other words, ∂A is a codimension one surface in R d−1 × X q .
Our main assumption is that this separation of the time slice of the boundary N q+d into two regions A and B, corresponds to a factorization of Hilbert space in the dual CFT:
(4.16)
We will discuss the validity of this assumption later. Here we just would like to conjecture that this factorization is always realized for any choice of A and B in CFTs with classical holographic duals, owing to the large N limit.
Under this assumption, we would like to argue that the holographic entanglement entropy for the subsystem A is given by the holographic formula (4.9), with γ chosen to be the minimal (or extremal in time-dependent cases) surface whose boundary coincides with that of the region A i.e. ∂γ = ∂A. In particular, when we choose ∂A which wraps X q completely, this prescription is reduced to the standard holographic entanglement entropy [9, 18] .
If we assume a replica method calculation of entanglement entropy, this prescription is naturally derived from the analysis of generalized gravitational entropy introduced in [41] . Note also that the pure state property S A = S B is obvious and moreover the proof of strong subadditivity and its generalizations can be applied to our generalized minimal surface prescription as in the standard case [39, 40] .
As a non-trivial example, we are interested in the case where ∂A is chosen such that the internal space X q is divided into two regions by ∂A, while it wraps completely a time slice of Y AdS d+1 . A particular example of this setup was already discussed in the previous subsection (see the upper left picture in Fig.5 ).
Coincident D3-branes and Entanglement
As a fundamental example of the generalized holographic entanglement entropy introduced in the previous subsection, we would like to apply this idea to AdS 5 × S 5 spacetime. We take the region A (and B) to be the northern (and southern) hemisphere of S 5 times AdS 4 . In other words, ∂A is defined by (4.10) . In this case, the entanglement entropy reads Geometrically, the origin of volume law divergence is clear because the minimal surface γ is extended to the AdS boundary (refer to the upper left picture in Fig.5 ).
We can compare this entropy (4.17) with the maximal possible entropy [38] (i.e. the log of the dimension of H A ). The latter is computed as the area of hemisphere of S 5 at r = r U V : 18) which is indeed larger than (4.17).
We can generalize this calculation to the cases where the region A is not exactly a half of S 5 . In this case, the minimal surface is described by a profile
The function θ(r) can be found by minimizing the holographic entanglement entropy functional: 20) which leads to the following equation 21) and by imposing the boundary condition θ(∞) = θ 0 . The constant r 0 is defined by the value of r at the turning point i.e. |θ(r 0 )| = ∞. The profile of minimal surfaces have been found numerically and we plotted this in the left picture of Fig.7 . The holographic entanglement entropy is plotted in the middle picture of the same figure. Especially in the right graph, we plotted the entropy S ent as a function of the volume of the region A. We can find that for small θ 0 , the entropy is proportional to the volume of A. Therefore it satisfies the volume law instead of the area law as typical in highly non-local field theories (see [5] for such examples of volume law). 0 dθ sin 4 θ. Note that we took r U V = 10000 in all graphs. In the middle and right
As the final example, we would like to come back to the D3-brane shell solution (4.15), corresponding to a state in the Coulomb branch (see Fig.6 ). In the current setup we take the UV cut off r U V = R 2 /ǫ to be much larger than the mass scale M . The holographic entanglement entropy is computed as follows:
This entropy is a monotonically decreasing function of M as expected, because the presence of mass clearly reduces quantum entanglement.
Comments on Factorization of Hilbert Space
Finally we would like to come back to the issue on how we can realize the factorization of Hilbert space (4.16). When the surface ∂A divides the real space R d−1 where the CFT is defined on, this factorization can be explicitly realized by e.g. discretizing the CFT on a lattice. On the other hand, when ∂A divides the internal space X q into two subregions, with ∂A wrapped on R d−1 completely, the factorization is not obvious. This is closely related to a deep question in AdS/CFT how the geometry of internal space appears from the data of CFT (see e.g. [43] ). We are not going to give a complete answer to this profound question in this paper. Instead, we will give some heuristic arguments which support such a factorization, which motivates us to conjecture the factorization in the generalized cases. However, once we take the energy scale to be larger than the mass scale, then we cannot regard the system as two SU (N/2) gauge theories but we should treat them as an interacting SU (N ) gauge theory. Therefore we need to take into account bi-fundamental fields directly as active fields in the factorization (refer to Fig.6 ).
Thinking of the D3-brane shell solution, we can identify the positions of each of N D3-branes.
They are described by the eigenvalues
, where a, b = 1, 2, · · ·, N . For the non-diagonal components of the matrices Φ ab with a = b we can, for example, naturally assign the middle position 1 2 ( ϕ a + ϕ b ). In this way, there is a way to assign all of N × N components specified by the pair (a, b) to N 2 different positions on R 6 .
Therefore we can project them in the radial direction and have a direct map between N 2 elements (a, b) and N 2 position on S 5 . In other words, a matrix field Φ ab with both a and b belong to the first (or second) SU (N/2) indices is regarded as a vector in H A (or H B ) . When a belongs to the first one and b does to the second one, then we can decide whether it is regarded as a vector in H A or H B by examining whether the vector 1 2 ( ϕ a + ϕ b ) belong to the south or north hemisphere. Clear this separation is just an example and we can think of many other definition of the factorization of Hilbert space (4.16) . This problem has some similarities with the ambiguity which occurs in a precise definition of more standard entanglement entropy in gauge theories [44, 45] even when we define the subsystem A and B by a geometrical separation of the real space.
Owing to the large N limit, once we admit the previous rule, the N 2 point is expected to densely cover S 5 . Thus we may approximately regard the matrices δ Φ ab , which describe the fluctuations around the classical expectation value ϕ a , as six functions on S 5 :
(4.27)
In this way, we can regard the originally four dimensional gauge theory as an effectively nine dimensional field theory on R 1,3 ×S 5 . However, note that the S 5 direction is not standard in that it does not have a conventional kinetic term and should be highly non-local. This fact can be seen from the volume law which we observed in the holographic calculation plotted in Fig.7 . Nevertheless, (4.27) allows us to divide the total Hilbert space into the factorized form (4.16) as we wanted to show. See [5] for a calculation of entanglement entropy in non-local field theories.
It is also straightforward to extend these arguments to more general Coulomb branch solutions.
In particular, if we take M → 0 limit of the D3-brane shell, then we can obtain the AdS 5 × S 5 case.
It is also possible to extend our argument to the global AdS 5 . As argued in [43] , we will again get a shell like configuration in the large N limit, where the eigenvalues of the transverse scalars are distributed on a S 5 in R 6 . Therefore we can apply the same argument as the previous one for the shell solution.
Conclusions and Discussions
In this paper we studied the quantum entanglement between two CFTs which are interacting each other. Especially we computed (Renyi) entanglement entropy S ent from the viewpoint of both field theory and AdS/CFT. We also studied the time evolution of entanglement entropy S ent between a copy of two dimensional CFTs when we turn on the mutual interactions suddenly at a time. Our field theory results
show that in the case of massless interactions, S ent increases almost instantaneously and saturates to a constant value, which has again the volume law divergence. On the other hand, in the case of massive interactions, S ent increases slowly as S ent ∝ t 2 , where S ent takes always finite values.
In the final part of this paper, we proposed a holographic dual calculation of entanglement entropy between the two interacting CFTs. This is done by generalizing the holographic entanglement entropy so that we divide the internal space, such as the S 5 in the AdS 5 × S 5 type IIB solution, into two subregions A and B. We explicitly studied the four dimensional SU (N ) N = 4 super Yang-Mills and computed the entanglement entropy between two SU (N/2) sub-sectors, employing the Coulomb branch solutions. This measures the entanglement between N/2 D3-branes on the northern hemisphere of S 5 and the other N/2 D3-branes on the southern hermisphere. Motivated by these we conjectured a generalized holographic entanglement entropy, where we can choose the entangling surface γ as any minimal (or extremal) surfaces in an AdS d+1 × X q spacetime of ten or eleven dimensional supergravities. However, we left an important of problem of consistency between the proposed factorizations of Hilbert space and the gauge invariance of total system for future problem, though we gave several supporting arguments.
Our generalization of holographic entanglement entropy is closely to related to a basic question of AdS/CFT: how the S 5 geometry emerges from the N = 4 super Yang-Mills theory. The detailed understanding of precise factorizations of Hilbert spaces, which we left for a future problem, may be an important clue for this problem. One useful approach may be to use the idea of the multi-scale entanglement renormalization ansatz (MERA) [46, 47] as this offers a manifest geometrization of wave functions of quantum many -body systems or field theories, conjectured to be equivalent to the AdS/CFT [19, 24, 25] .
Notice that we provided such holographic computations only when the two CFTs are interacting via massless interactions. In the case of massive interactions, field theory results argue that the UV divergence is suppressed a lot. This suggests that its gravity dual looks like the upper right picture in Fig.5 , where the minimal surface γ does not reach the AdS boundary. However, we should be careful that if we naively consider such a geometry with two boundaries which are causally connected, it contradicts with the topological censorship [48] . Thus we need to take into account quantum corrections or complicated structures of internal manifolds. One concrete example may be the one [36] which employs the massive gravitons. We would like to leave a detailed holographic study of two entangling CFTs with massive interactions as an interesting future problem. It will also be intriguing to consider a holographic construction of entangling time-dependent CFTs as we analyzed in the field theory calculations.
